INTRODUCTION
Let N= O(c,,) with p -3 (mod 4) a prime number, and let Q c Kc N be an intermediate field with [N: K] = I< p -1, r = Gal(N/K). The question is whether @,, is free as an Co,T-module (it is certainly projective since N/K is tamely ramified, see Friihlich [ 81). Brinkhuis Cl] has shown that for I= 2, i.e., K= O({,) +, the answer is yes; for 2 < I< (p -1)/2 the answer is no. It seems appropriate to relax the above freeness condition, and rather ask whether '9X. 0,, g 9X, where '9X is the maximal order of U,,,r in NT. Theorem 2 of Brinkhuis Cl] states that if 2 < I < (p -1)/2, I prime, the answer is still NO. So we concentrate on the case I = (p -1)/2 in this paper.
Cougnard [4, 5] has shown that for p = 7 and p = 11 we do have !lJK!$,~ %R (The case p = 3 is trivial.) Moreover he has shown for I prime that WQ,,g%R if and only if the Jacobi sum J(x, x) =Camod,~(a) x(1 -a) is up to a unit a square in K(I) = L ([,) , where x is a character of order I of (Z/pi?)*. This is also proved in (3.3) of [l] . One essential point in this is the following. N is the direct composite of a([,) ' and K, and this is almost true of the corresponding number rings: Except over p, Co, is 8 . obtained by tensormg OoocP, + with UK. Starting from this, one can take an integral normal basis of Q(c,,)' and examine how much it fails to be an i.n.b. of N over K. Here we show '!JJWNr W for a much greater (probably infinite) set of primes p. (Our methods are unsuitable for obtaining counterexamples, 180 since several implications used don't seem to be reversible.) The results are given in full in Theorems 5.1 and 5.2. Let it suffice here to say the following: We have 'DQ. z W for all p E 3 (mod 4) less than 100, except possibly 59 and 79, and for all p such that 1 and r := (I -1)/2 are also prime, and 2 -is a primitive root (mod r). Note that for such primes 1, h(Q(I)) is odd by the paper [11] of Hurrelbrink and Kolster. The exact relationship between our problem and class number parities is not yet clear.
The method is as follows. The ideal generated by the Jacobi sum J(x, x) in K(1) is a square a2, Z a certain ideal which is known from the factorization of the Jacobi sum in Q(I). By the criterium of Brinkhuis and Cougnard, it suffices for 1 prime to prove that ti is principal. This is done by a comparison with the situation in K(I)+ and some norm index computations. One obtains as a sufficient criterion that a certain matrix, made up basically from certain Legendre symbols, has maximal rank. (See the beginning of Section 4 for a simple example.) This is proved for some types of p, and was verified by computer for (finitely) many others.
The technique of resolvents is basic to most work on normal bases. In our case, this technique is hidden in the criterium of Brinkhuis and Cougnard. For the reader's convenience, and in order to obtain the proper generalization for the case 1 composite, we state and prove here all that is needed. A general reference on resolvents is Frohlich [S].
Notation Used in This Paper
(a), = smallest nonnegative residue of the integer a modulo n. In sums xjmodS n . . . the summation index j runs over all natural numbers less than and coprime to n. p is always a prime number = 3 (mod 4).
For any number field F, let I,, P,, C, denote the group of fractional ideals in F, the group of principal fractional ideals in F, the class group of Co,, respectively. and we obtain an epimorphism By a rank argument, rp' is also injective.
FACTORING OF RE~OLVENT IDEALS
We consider the diagram of fields
The ideal (p) is totally split in Q(l), totally ramified in N. Recall xl is a fixed character of order E of r. There is (precisely) one character w: Gal(N/Q) + C of order 21= p -1 with 0~1 r=x,, and (p) has exactly one prime divisor p1 in Q(I) with the property ~(a,) = r (mod pr) for all r mod' p. One lets pi = 7,: '(pl) with zj E A determined by rj(c/) = [{ (j runs mod' 1). Consequently we have ~(a,) E rj (mod pi). Finally, let ip,, Q, be the.unique prime divisor of pj in K(Z), respectively, N(1) (see diagram in the Notations section). From now on we suppose that xd= x{l" for all divisors d of 1. From xd= x{= ozfJ r we get &(or) = r2S (mod pi) (j running mod' I, r running over the quadratic residues modulo p). Now let ( -) cj denote the embedding in the completion at Q,, m --) QpKp) g WU))q.
Finally, let -: (Z/pZ)* --f hp*, Y I-P ?, be the multiplicative system of representatives.
Our plan is to compute the ideal generated by (ON ( xJn in N(I), for all primes Q of (N(I). We claim that we get the unit ideal if Q does not lie over The idea is now to factor a certain element of (&I xd) and compare. The last term is the ideal generated by the Gauss sum G(w"), and its factorization is n qybI)
jmod'p-I e.g., by the proof of Stickelberger's theorem, see Washington [ 151.
As an easy consequence we get: For j odd, coprime to 1, and between 1 and I, one obtains (since then j is also coprime to 21) the contribution Remark. For d= 1, xi is the trivial character and (&,,Jxi) is just TrNIK(oN), and this is just OK by tameness; i.e., we need not worry about Jr.
AN EASY EXAMPLE
From the last remark in Section 2 it is clear that if 1 is prime one only needs to deal with d= 1. Let p = 11, I = 5. Then K(Z) = Q(fi, cs), and K(Z) + is over Q cyclic of degree 4 with discriminant 9 . 11'. By the tables of Pohst [14] , h(K(Z) +) = 1. This implies the relation '$JJ:' -'pej in CKuJ (since conj sends !@j to 'phj). On the other hand '$f is principal, since it comes from Q(Z) = 6p(c,). Hence 'pi -?I34 and (p2 -'&.
By another table (see Washington [15-J) , the class number of Q(i,,) is 10, and K(Z) is its own genus held (see, e.g., van der Linden [13] ), hence h(K(Z)) divides 10, and the subgroup of C K(I) generated by (the classes of) !$I3 and VP4 has at most order two. If one among (p3, '$.J4 is nonprincipal, then so is the other (let A operate). Hence in any case JI= (p3(p4 is principal, and we have reproved Cougnard's result. (In fact, no 'pj is principal.)
p-ADIC SIGNATURES AND NORM RESIDUE GROUPS
We introduce a technical device which one might name "studying p-adic signatures." Let F be any number field in which p is totally split, n = [F:Q].
As usual, n = r, + 2r,. Let L/F be a quadratic extension in which all primes dividing p are ramified. (As always, p is a prime = 3 (mod 4).)
Now suppose Z is a set of primes of F dividing p, and 111 = r, + r2 (i.e., one more than the unit rank of F). Let V be the If,-vector space [Fi. We defineamap$=$,:E,/E,2-+Vas 0 Ii/(U) = k&I?
with e,,= (u E E,) 1 (The Legendre symbol is defined via the canonical isomorphism Q/p z FP.) Obviously $ is a well-defined homomorphism.
If F/Q is d-galois and Z is d-invariant, then $ is d-equivariant.
Since every p E Z is ramified in L, every norm of a unit in L, is a square in the unit group of K,. Hence $ annihilates the group NLIFEL.
By Dirichlet, EF/EF2 has order 2"+'*, a factor 2 coming from the unit -1. Of course, EB is contained in NLIFE,. From these simple remarks, we get: In what follows, we will be concerned with two types of cases: Let d be a divisor of I (notation as above; recall p = 2f+ 1). Now we consider the maps $ in the two cases. In the second case, we take for Z the set of all p,Td (j in the upper half system mod d); denote the resulting [F,-space by V +. In the first case, take Z= { ~~,~lj~ UZZS,}. Note that here we must not take all primes over p to form I. In both cases, Z will then have the correct cardinality: unit-rank(F) + 1. We obtain a commutative diagram ICI+: Eo(d,+lE&d,+ -V+ If d is not a prime power, then the left hand vertical arrow has a coker-nel of order 2 (lot. tit), so we get that the order of Im(ll/ + ), and hence also the norm index [E,(,,+ :NEKcd)+], is a multiple of 2@(d)'2p ', so we are again done by formula (*).
We now obtain the main criterion used to show '3.RON z (nz: Since 3: is generated by the Jacobi sum J(of, of), f = l/d (this follows easily from the well-known factorisations of the Gauss sums G(wf), G(w")), we also know that 3: is principal, and we have proved Jd principal.
Remark.
In case d is a prime z 3 (mod 4), the last part of the proof can be simplified (and 4.4 is not needed). It suffices to show that the class of Jd has odd order. Since all [pj,dp.j,d] have odd order by the first part of the proof, it suffices to prove that the class of J&= n vj,d, product over all quadratic residues j mod d, has odd order. But J& is induced by one of the two prime divisors of p in K(n)
One may show directly (see, e.g., Hasse [lo, p. 75]), that the biquadratic bicyclic field K(n) has odd class number.
We still have to state and prove Proof: The second statement is well-known. By 4.1, tid is surjective iff it is injective. Denote the codomain of I+Q~ by V, to avoid confusion. Then one obtains a commutative diagram where 1 is induced by inclusion. To infer "tid injective" from "+[ injective," it suffices to know that z is injective. If [a] E ker(i), u E EQCd) not a square, then &E Q(I), and we would obtain an intermediate field Q(d) c 2 c Q(l), Z/Q(d) ramified at most over two, i.e., unramified (since Q(r)/Q is unramified at 2). This is a contradiction because Q(d) is its own genus field [13] .
Summing up, we obtain from 4.3, 4.5, and 2.4: is odd, and II/: EQc,,/E&,, + I/ is surjectiw, then !kTON z 9.X.
SOME CASES WHERE * Is SURJEC~VE
There is a good reason to stress surjectivity of $ rather than bijectivity: we are done if we can show that $ is already surjective on the subgroup z o(,, of cyclotomic units of Q(l). The non-cyclotomic units (if any exist) are hard to get at, but it is clear that for any given 1 one could calculate F,-dim($ (Z,(,,)) in a predictable amount of time. This we demonstrate by an example, p= 19, By similar (lengthier) calculations on a PC the following was obtained:
